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ABSTRACT 


Optimum receivers for detecting digital signals in addi- 
tive white Guassian noise are analyzed when operating in 
the presence of both white noise and colored noise inter- 
ference. Modulation schemes, such as coherent M-ary Phase 
Shift Keying (MPSK), Minimum Shift Keying (MSK), Differen- 
tially Coherent Phase Shift Keying (DPSK), M-ary Quadrature 
Amplitude Modulation (MQAM) and l6é~-state AM/PM are analyzed. 
Optimum power constrained colored noise interference spectra 
are developed for each modulation technique analyzed so as 
to maximize the receiver error probability. | 

Receiver performance, quantified by bit and symbol 
error probabilities is numerically evaluated and graphically 
Peesolcavyed as a function Of signal-to-noise ratio and inter- 
ference-to-signal ratio to demonstrate the effectiveness of 
this Renee ence in terms of the receiver performance 


degradation. 
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lio INTRODUCTION 


Of the many different digital modulation methods that 
exist, each is designed and utilized so as to improve a 
particular feature of the communication system. Some such 
methods provide increased spectral efficiency while others 
improve overall system performance. Still others simplitiygeae 
receiver structure and thereby reduce hardware costs. In 
order to prudently select the best modulation technique for 
a specific application, corresponding receivers must be 
analyzed and their performance compared using appropriate 
channel models. Although analyses of digital receiver per- 
formances abound in the literature, treatment is usually 
restricted to the case of additive white Gaussian noise (AWGN) 
as the channel interference. The AWGN model, although proba- 
bly the easiest to analyze, seldom accurately describes an 
actual eorunniea ion channel. For military applicatvons 
frequently a jamming environment must be assumed in which 
case the AWGN model is inadequate. While a great deal of 
effort has been devoted to the analysis and design of spread 
spectrum communication systems, virtually no documented re- 
ceiver performance results exist for systems designed to 
Operate in an AWGN interference that in practice must Operate 


in the presence of a "Smart" jammer. 
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In this thesis the performance of receivers operating in 
the presence of both AWGN and colored noise jamming is analyzed 
for several digital modulation techniques. Mathematical ex- 
pressions for the receiver error rate performance are derived 
and optimized jamming techniques are developed for each re- 
ceiver structure analyzed. 

The receiver structures considered throughout are assumed 
to be optimally designed, in the sense of minimum probability 
of error performance in an AWGN environment. The colored noise 
jammer is modeled as Gaussian, power limited, uncorrelated with 
the white channel noise and with power spectral density deter- 
mined as part of the optimization procedure. 

Chapter II presents the derivation of symbol error proba- 
bility for a coherent M-ary Phase Shift Keyed (MPSK) receiver 
Operating in noise and jamming. Receiver See rornanee curves 
are then presented for several values of M with jamming-to- 
Signal ratio (JSR) as an independent variable to show the 
effectiveness of the optimized jammer. The optimum colored 
noise jammer applicable to this problem is developed in detail 
iaethnis chapter. 

In Chapter III the analysis carried out in Chapter II is 
applied to three very important special cases of MPSK signal- 
ing, namely Quadrature Phase Shift Keying (QPSK), Offset 
Quadrature Phase Shift Keying (OQPSK) and Minimum Shift Keying 


(MSK). The analysis presented here serves only to highlight 


ie 


the differences between the MPSK techniques and the specific 
Special Pace being considered. 

The analysis in Chapter IV changes focus from coherent 
Phase Shift Keying to Differentially Coherent Phase Shift 
Keying (DPSK). In contrast to the purely mathematical aevelene 
ment conducted in Chapter II, a geometric approach is used in 
Order to simplify the analysis. Also, only the binary signal- 
ing case is considered. As in previous chapters, the mathe- 
matical expression for receiver performance is derived, error 
rate performance’curves are presented and an optimized colored 
noise jammer is developed. 

In Chapter V M-ary Quadrature Amplitude Modulation (MQAM) 
techniques are analyzed in the presence of colored noise jam- 
ming. Symbol error probability expressions are derived for the 
Standard values of M = 16, 64 and 256 as well as for less 
typical M = 32. Receiver performance curves and optimized 
yamming waveforms are also included for each case so as to 
complete the analysis. 

Chapter VI is devoted to the analysis of a digital radio 
transmission technique not treated in classical communication 
theory literature, namely a 16-state AM/PM signaling technique 
recommended by The International Telegraph and Telephone 
Consultative Committee (CCITT). Receiver performance is 
analyzed in the presence of AWGN both with and without colored 
noise jamming. The analysis of this signaling technique differs 


from those previously considered in that a suboptimum receiver 
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structure is assumed. The suboptimum receiver was chosen 
based on intuitive as well as practical considerations involv- 
ing the implementation of the receiver logic. Also, due to the 
mathematically involved expressions for the symbol error 
probability, no jammer optimization is attempted. Compari- 
sons between this 16 level signaling scheme and other (better 
known) 16 level schemes are presented. 

Finally, Chapter VII provides performance comparisons 
and conclusions to be drawn from the analysis and graphical 


results obtained for the modulation methods considered in this 


thesis. 
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It. COHERENT M-ARY PHRASE Soe) Teenie 


Coherent M-ary Phase Shift Keying (MPSK) is a digital 
Signaling technique that provides bandwidth efficiency, con-= 
stant signal envelope, relatively good error rate performance 
and simple receiver structures [Ref. 1]. MPSK is a signaling 
scheme that achieves its bandwidth efficiency at the expense 


of signal power. 


A. SIGNAL DETECTION IN THE PRESENCE OF COLORED NOISE JAMMING 
In MPSK modulation, the source transmits one of M signals, 
s,(t), i=), 2/7 «2%, M every T seconds. The transmitted signal 


LS Otethe form 


s(t) = /2Ee70_ cos |7uen: ; See (2.1) 


0 M 


where Ee is the average signal set energy, a is an arbitrary, 
yet fixed phase and the information is contained in the 
271(1i-1)/M phase term. 

The optimum receiver for recovering the MPSK signal in 
the presence of AWGN is the maximum a posteriori (MAP) Covmes 
lator receiver shown in Figure 2.1. This receiver is optimum 


in the sense of minimum probability Of error. 
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magure 2.1 Optimum MPSK Receiver for AWGN Channel 
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Because the signal is transmitted over a channel assumed 
to be corrupted by both white GausSian noise and statistically 
independent colored noise jamming, the input to the receiver 


front end is the signal r(t), where 


rte) = Ss, (t) + n(t) + n(t) Q (2Za2y 


JA 
ar 
JA 
a) 


Here, nt) is a sample function of a white Gaussian noise 
process with zero mean and two-sided power spectral density 
level Ny/2 watts/Hz, and n(t) is a sample function of a 
colored Gaussian noise process having autocorrelation function 
K,(t). Since the colored Gaussian noise is generated by a 
jammer operating independently of the AWGN in the channel, 

1t is reasonable to assume that n(t) and n,(t) are uncorre- 
lated random processes. Because n(t) and n,(t) have Gaussian 
amplitude statistics, the processes are statistically 
independent. 

The receiver takes advantage of the fact that the trans- 
mitted signal s,(t) can be expressed as a linear combination 
of two orthonormal basis functions 9), (t) and >. (t) where 
ew 


>, (t) = y2/T. cos (2716.6 +o0 eee >> (t) = ¥2/T. sin(2nf 


0 0 


(2.3) 


Therefore, 
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2 
s,(t) = y S 5b, (t) ve 2... 7M (2.4) 


where 


ee ee oe) one 2 2-91) 2, 2.2, Ons 


In the MPSK case being considered, the two basis functions 
were found by inspection. In more complicated modulation 
schemes it may be necessary to use techniques such as the 
Gramm-Schmitt orthonormalization procedure in order to deter- 
mine the basis functions that allow a signal expansion of the 
form given by equation (2.4). 


From s(t) and the above definition, it is easily shown that 


_ 27 (i-1) ee 
Sea = cos ——y 1 A (i e276.) 


5 = peo eel Zee, ee )) 
Assuming equal prior probabilities for the transmitted 


Signals, the receiver of Figure 2.1 computes and bases its 


SecisSsions on 


1, Sow Boom. Sipe) Getnc aac era A CZ 6)) 


where 


ie? 


Yi Sf eee ieee icles j= eee (255 
J 0 j 
Defining now 
A 2m (i=) 
O. = ear (2 oy 
then 
d. = cos 6, a sind, = V cos (6,+n) (27 
1 See Pal 
where 
V = vyé - wz : —— tans » (ayaa (2 .Ze 


A determination of the performance of the receiver em 
Figure 2.1 in terms of the probability of decision crreneuam 
now made by first observing that XY) and Y5 are conditionally 
Gaussian random variables. Thus the mean of Yy and Y5 condi 


eloned On) the sranae Ss, (t) being sent is 
Ea | See = /E_ S. (2. ley 


ELY, |S, (t)} 52 (27s 


il 

‘ 
WY) 

Y 
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pMemecsimilarly, the conditional variance of Yy and Y. is 


> No S S | 
oy, Se J J K(t-1) $, (t)$, (t)dt dt (2 AB) 
N Ts ae 
fee ff CK =n) o. (66, (1) dt dt (2.16) 
Y5 Z 0 0 ve 2 2 ; 


In Appendix A we demonstrate that 


*s ts ae ae 
iP i. K(t-1) 6, (t), (1) dtd j f K(t-1) $5 (t)o5(t)dt dt 


i 
NS) 


O (Zl) 


so that the conditional variance of Yy and Y5 are identical. 
Another important parameter which is an indication of how 
vy and Y5 are statistically related is the conditional cross 


covariance of Yy and Yor namely 


epee iy Ee T | } = Bree me } + Eos n. } (27 ies) 
i 2 er 
where 
T at 
S S 
no = f n,(t)o. (t)dt 1 f n, (tt), (t)dt (rao) 
j 0 5 0 
Jie ee 
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It is simple to demonstrate that 


Bho (2.205 


while the second term in equation (2.18) which takes on the 


= Oil 
T dh 
S S 
Ein, no, } = f Jf K (e=7) oye) eee ctomom (2 7255 
1 2 0 0 
needs more detailed analysis. ‘First, we let 


| >; (t) O<t <T, 
es es (2.22) 


0 otherwise 


so that Ce) is defined for all time t. Let o. (£) and S, (f) 
be the Fourier transforms of o; (t) and K(t), respectively2 


Thus we can show that 


T_T 
Ss S§& a ' ' 
- [ Metter) $; (tata = f Sg (£)%) (-£) 0) (£)4E (2.239 


From equation (2.3) it ae -eleageerae 


fo, (£)| = |, (2) (2.28 


20 


and 


2 2 
BS MS CD le C2) | ee Cac) 


—0Oo 


iio result wil! prove useful win obtaining the optimum jamming 
spectrum, S.(f). 


We demonstrate in Appendix A that 


Ey = (Qezigs) 
a 
so that 
Hs IG iG oo es ete 27) 
which proves that Yy and Y5 are uncorrelated. Since both 
Yy and Y, are conditionally Gaussian random variables, they 


are therefore statistically independent. 
This fact makes the joint probability density function of 


1 and Y,. mathematically tractable. Using the general form 


2 
mmemine probability density function (p.d€.f£.) of an N-dimen- 


Sional Gaussian vector x, namely 


dL T -l 
2 exp {-7(x-m,) ie PU (2-23) 


1 
ig EE 
x= (2m) N/2 a | 


"where 


Zi 


nm = Bie (2 2es 
and 

ee (x-m.) “} (2 30) 
the Joan! ped. fs om Me and Y5 can now be specified. 


The case of MPSK under consideration iS a two-dimensional 


problem where 


eae GE 
J aia 1 Sl 2 eee (22308) 
ee 239 
and 
a 0 N 
A. = ee go (23am 
p< f D C a 
2 
Oe 2 
so that 
N 
_ 0 Ve) 4 
JA, ye! 3 co! 
From equation (223277 
ee - 2iee (2.34) 
bap 3° ie 


eZ 


where I 1s a correspondingly dimensioned identity matrix. 
tes, Che Conditional pvd.f. of Y, and Yo, given that Ss, (t) 


a 


was transmitted, becomes 


1 iL Saul 
*Y, ¥>|s, (t) (vy ry, 18; (t)) = ee “P? 
Y.-vE S. 
2 Ss 12 


Wee 0 Y.-vE Ss | 


1 s il 
x (2535) 
Z 
0 l/o we 


a ele eee 


eecouple random variable transformation is now introduced, 


eMiat 1S, 
V = vye “- y- : nh = tan * (¥,/¥,) (2 236) 
fas transformation leads to a new conditional p.d.f., namely 


c 


(vcosn,vsinn|s. (t)) 
Yy¥5 IS; (t) i 


+ vf (-vcosn,-vsinn [Ba (t) ) Oacn) 


« 


Y,Y, | Ss, (t) 


Ve ee) 


where from equation (2.35) we obtain 
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| veosn-vE_s.. | 2 
l Sail 
*v,H[s, (t) (vn |, (t)) ee ais ca Vi) 
| vsinn-vE S. 
Sere 
Wise 0 || veosn-vEls 
=I s il 
x 
0 Whee sinn-vE_S 
ee Ss 2 
JE Jf 
| =VCOSl=V Eos 
Sil 
Apa pede 
paea =i 
| -vsinn-vE S. 
s 12 
Wee 6 | seosn= ame 
=u sil 
ss (2.3m) 
5 | 
0 1/o -vsinn-vE_S,. 
v2 0, “OS a, 1. > oe 7M 
This p.d.f. can be simplified to the form 
es Hl (Ey (Ven|s, (t)) = ~ exp {- +5 [v"-2w/E_cos (6 +n) +E le 
: 1 2710 20 = J = 
V dh 2 
+ exp {- —>[v°-2vvE_cos (9§.+n+1)+E_]} } (2.39) 
2 2 S a S 
ZG ZO 


It 1S apparent from the range of n that the two exponential 
terms in egquation (2.39) can be replaced by a single exponen- 
tial term by allowing n to range from 0 to 27. Therefore we 


have finally, 


24 


le 
exp {- —s5[v"-2vVE_cos (6.+n)+E_] } (2.40) 
aa 20° = J Ss 


V 





fy nls, (ty Vrn!sy (0) = 


Viernes 1) < 27 
Die preehbability density £umection of n conditioned on 
s,(t) can be obtained by integrating equation (2.40) over 


the range of V, namely, 


co 


ee” 
" (n[s.(t)) = f{ —“,exp{- —,I[v*-2vw/E_cos (0.+n)+E_] }av (Zeal) 
H]s, (t) aL 0 2no* 45% S S 





This integration results in 


E E 
ese” oe eee S 2 
fuls. (t) (njs,(t)) = 5=exp{- —> sin (8, +n) } fexp{- a= 580 (+n) } 
a 20 ; 20 
+ VanB_/o* COs (O,tnert, { VE_/o* Cos (am }] (2242) 
where 
Seagal 2 
erf,{at = f{ —— exp{-x*/2}dx = 1 - erfc,{a} (2.43) 
-o V2T 


Recalling from equation (2.11) that the decision rule was 


based on evaluating 


a <=. By cos (9.+n) eee 2M (244) 


ZS 


and determining which of them is largest. Therefore, if 
s(t) was sent, a correct decision will be made by the 


Geceecreon sien 


V cos (8 ,+n) > eee ee ay j = 1,2, 5.2.0 eee (2.458 


Since cos(x) is a maximum when |x| is-a minimum, the decision 


rule can be modified to become 
| 8 +n| < }6,+n,| > decide s,(t) was transmitted (2.46) 


From equation (2.10) we have 


2 ii 


Saas a =< 2 at (2.47) 


so that the condition of equation (2.46) is satisfied 16 


(2.48) 


Therefore the probability of making a correct decision given 


that s,(t) was sent is 


-6 .+1/M 


Ce Jae! 
nage ls, (t) (pls. ( )) U) 


Pr{c|s, (t)} 


1/M 


= f f 
" H|s, (t) 


(8-8, |s, (t))d8 (2.49) 
—1/ 
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From equation (2.42) we obtain 





1/M 1 Ee 5 E. 5 
Peles (t)} = | —exp{- —>sin’8} [exp{-—Scos* 8} 
at. QT Z 2 
-~7T /M 20 2G 
+ V 2nE_/o” cos Berf,{ VE_/o* cos 8}}dg (250) 
and defining 
Ry - 2E_/N,: Signal power to Noise power Ratio 
(SNR) (272) 
A 2 
Ry = Ae Jamming power to Signal power Ratio 
(asi (2 295.2. ) 


Since each signal was assumed to be equally likely, the 


desired result is 


eee a /R_ Jon (RRL) 
Pr{c} = =exp{,=~————} + 27 (1+R.R_) cos 8 
m OP ‘SRR Lay op eed Dy 
-R, sin’ g 
x rR Ry | erf,{/RD/1+R,R, cos } dg (2 . 5) 


This result specifies the performance of an MPSK receiver 


operating in an environment corrupted by both AWGN and colored 
noise jamming. 


The probability of a symbol error is defined as 


Petey =» 1 = Pric} (2.54) 
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Observe that if the colored noise is not presént, Ry = 70F 
2 . : 
Co" = Ny/2s and equation (2.53) becomes the classical expression 
for the performance of an MPSK receiver in the presence of 


AWGN [Ref. 2], that is 


al Ee We Be Zz 
PEC) =, pl ere VE_/™N, cosBexp{- — sin} 
i s (0 N 
0 -7/M 0 
x erf,{V2E_/N, cos 8} dg (2.550 


Furthermore, 1£ the jamming power were assumed to become 
infinitely large, 


NS) ie en a = (2 568) 


R570 M 


which, as expected, is the minimum value one can expect for a 
set of M equiprobable signals. 

The results of equation (2.54) were numerically evaluated 
and plotted for the cases M = 4, 8, 16 and 32 in Figures 2.2 
through 2.5, respectively. In each graph, the special case 
of JSR = 0.0 is included as a convenient reference to the 
performance of the particular received in AWGN interference 
Only. 

Now that an expression for the performance of an MPSK 
receiver in the presence of colored noise jamming has been 


derived, we next optimize the jammer in such a way as to 
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cause maximum degradation to the receiver performance while 


maintaining power constrained conditions on the jammer. 


pee OPTIMIZATION OF THE COLORED NOISE JAMMER 
We now investigate the dependence of Pr{c} on the jamming 


momstognal ratio, R by analyzing the unsimplified form of 


a 
Pr{c} given by equation (2.49) with equation (2.41) substituted 


moe the Conditional p.d.f., namely 


| T/M x i ee — 
Peic} = 2J J 5, expit- 5 x ~2xVRAcosp+R)] }dxds P27) 
where now 
Be 
Ry = a pe (58) 
0 e 


With the double change of variables 


u = x cosg ; vy = x sin 8B (27,59) 


equation (2.57) becomes 





a 1 utan7/M 5 
Pr{c} = 2f —~exp{- 5lu-VvRA] bf — exp {-v"/2 }dvdu 
Gin 2 7 0 J/27 
(2-60) 
We notice that in terms of Ry and Rye 
VRE = YR,/1+RDRs (2.61) 


Bo 


Evaluating now the derivative of equation (2.60) with respect: 


to R_, we obtain | 


a) 
3 ( 
d i .D = 
——{ —————— if erf ,{utant/M} 
dR 2 s * 
J (1+R,R,) 0 


ROE a ae 9 | 
(el Rp/1+RpR;] exp! 5 lu (20) }du (2.62 


and with the change of variables 


il 2 
<= — — 
x lu -/R/14RLRy) (2 Jey 

we have 

/ 3 

d ih as * 
ae igh oe ae — a 5 ee f erf 4 ly2e 
J] (1+R)R5) Rp/2 (1+RDR,) 


4 ec e 
+ VR,/1+R,R,] tan 1T/M}e dx (2 JGee 


Since both erf,{x} and e * are non-negative functions for 
all x, the integration in equation (2.64) must result ina 


non-negative quantity. Therefore, 


x= prich < 0 (2.65) 
lt 


which indicates that the probability of making a correct 


decision is a monotonically decreasing function with respect 
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to R,- As a result, in order to maximize the detrimental 
effect of the jammer on the performance of the MPSK receiver, 
we will want to maximize the jamming power, within assumed 


power constrained limits. 


RepuendingeteOmequatrons (2.25) and (2.52), for a fixed 
Signal energy, Ry can be maximized by maximiZing 
a = is S (@) |e. Go) ae (2.66) 
S @3 aE : 


=o 


By the Cauchy~Schwartz inequality 





cee a) os 


CO , , 4 
q (£) df J |e, (2) | df 2eG7) 


€ 


with equality if and only if 


a 2 
S,(f) = K|, (£) | (2256) 
where K is an arbitrary constant. Since we require that 
the jamming signal be power constrained, that is 
ar f S.(f) dt < (2769) 


Benen, provided that 
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oO 


f |e, (4) |*ae < (2.70) 


we must select K such that the power constraint of equation 
(2.69) is satisfied. 


Po ir 


o,(t) = Vv2/T. cos [2nf ttal Use 3 (257m 
we can define 
| AN SSS Ts sinnfT. 
oh Go) ae +-+P(f) = Y2T _exp{-j1£T_}—— 
0 otherwise : 
(2.725 
The Fourier Transform of cosl2nf)tta] is 
il : 
x16 (£-£5) +6 (f+£,) ]exptjfa/f,} (2572 
SO tna 
i] ile : q 
o, (£) = sIP(£-f,)+P(f+f£,)lexptifo/ft,} ae >, (4) 
(2.749 
and 
boeay a = [|p (£-£ ) 74 P(E+E ) |*4p(E-£ )P* (f+£.)+P* (£-£,) P(e oa 
iL ved 0 0 0 0 0 0 
(2.758 
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The last two terms in equation (2.75) for reasonable values 


of carrier frequency, fo: are negligible. Returning to 
equation (2.68), we now have 
K 2 Z 
Se) Ge ie ae [ears | ] (ae 


and this results in 


J Sale) ios (2 
Therefore 
Ser) e= 7-2 lo, (£) | (2 
Cc er. a 
so that 
areal | 
ee 7) ie oc Be 


thus demonstrating that optimized jamming of an MPSK receive 
requires in essence the spectrum of the colored noise jammer 


to be matched to the spectrum of the MPSK signal. 


oy 


76) 


7) 


a7 Sy) 


a) 


ie 


Ifill. SPECIAL CASES OF COHERENT MPSK 2) OU4pe 
PHASE SHIFT KEYING, OFFSET QUADRATURE PHAse 
SHIFT KEYING AND MINIMUM SHIF? Var iwe 

Quadrature Phase Shift Keyed (QPSK) modulation is a 
special case of MPSK modulation where M= 4. Offset QPSK 
(OOPSK) is a special case of QPSK in which the in-phase and 
quadrature data components are offset in time by one-half of 
a symbol interval. Minimum Shift Keying (MSK) is furthermore 
a special case of OQPSK in which sinusoidal pulse weighting 
prior to carrier modulation produces a more compact signal 
spectrum making this modulation scheme very useful in cases 


where severe bandwidth constraints are imposed. 


As QPSK RECEIVER PERFORMANCE 

The optimum receiver for a QPSK modulated signal is a 
special version of that shown in Figure 2.1 where now M = 4 
and appropriate simplifications are made as shown in Figure 
cag Be 

Development of this receiver's performance from equation 
(2.53) with M = 4 is mathematically difficult and does not 
provide any significant insight to the results derived. 
Therefore, the QPSK receiver performance will be developed 
by relying on results presented in the previous chapter so 
as to be able to reduce the necessary development. 

For the QPSK signaling scheme, the transmitted signals 


are as given by equation (25) Seren. form 
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mye! = v2/T. cos (27f ta) 
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5 (t) = v2/T sin (27£,tta) 
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Optimum QPSK Receiver Structure 


39 


s(t) = Y2E_/T_ cos [2nf,t polar) aa] i = 1,2,3,0 


0 2 
We will consider the case in which all signals s,(t), 1 =e 
3,4, are equally likely to be transmitted. The analysis 
begins by assuming that signal S, (t) was transmitted. Under 


this assumption, the statistics of a and Yo are 


Ely,} = E{Y,} = ee (3.23 

va 2 
Varly,} = VartY.,} =" oa eee (3°39 
E{ (Y,-Eiy,}1(y,-Ety,}]} = 0 (3.45 


Just as in the MPSK case, both Yy and Yo are conditionally 
Gaussian random variables which, due £0 their uncorrelated- 
ness, are statistically independent. 


The joint probability density function of Y, and) Y=uume 


1 2 
| _— YE) , BQ) 
ig (y.,Y,|S, (t)) = —,expi- expi- ————s— (3a5)) 
¥4/¥5|Sq (t) 712071 ee 25° Qe 
where 
N 
yee 2 
O = 7 a ove (3.6a 


In order to find the probability of making aycere ae 


decision conditioned on the assumption that signal S; (t) was 
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sent, we first examine the QPSK Signal space diagram of 
PegqiPewonc so as CO De able to determine this probability. 
For the QPSK case, the axes of the state space diagram serve 
as the perpendicular bisectors separating the decision regions 
associated with each signal. 

Given that S, (t) was sent, the probability of the detec- 


tor making a correct decision is 


oOo © 


Pric{s,(t)} = J f (yy r¥5 |S, (t) ay, dy (3.7) 


fe 
0 ¥7¥,| Sp (t) 2 


Evaluation of equation (3.7) using equation (3.5) yields 


the result 
Pr{c|s,(t)} = lerf,{/R,/2(1+R,R,)}1° (3.8) 


where again 


R — 2E_/No: Signal to Noise Ratio (SNR) (3 o) 


R = 0° /E. : Jamming to Signal Ratio (JSR) (3710) 


A similar development for s,(t), S(t) and S, (t) mest ticiaaen 


Pric|s, (t)} Pric|s, (t)} - Pric|s,(t) } 


Pee Suey e) (Bei) 
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Figure: 3.2 


Signal 


Space Diagram for QPSK Signaling 
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a 


and therefore, since all signals are assumed equally likely 


Pr{c} = [erf,{/R,/2(1+RR,)}1° = 1 - Prf{e} or 2) 
Observe that if the colored noise is not present, Ry = 0, 
a = Ny/2 and equation (3.12) becomes 
22 ele [erf, (VE_/N,}1° 3.2/3) 


mwoach is the probability of making a correct decision for a 
QPSK modulated signal transmitted over a channel corrupted 
by AWGN. 


Furthermore, if the jamming power grows without bound, 


Li | Digicel = 2 (seas) 
R_7o© 


J 


which is as expected the minimum value of the probability of 
a correct decision for a set of 4 equiprobable signals. 

The optimization of the jammer is identical to that 
derived for MPSK signaling and as such, the spectrum of the 


optimum colored noise jammer is given by 


= 2 
S55) = Eaters) Cars) 
where 
a ak 
we = 1G a (3 2.165) 
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The corresponding probability of symbol error Septet teawa 
Figure 3.3 as a function of SNR for various jammingsto-s tage 


power ratios. 


B. OFFSET QPSK RECEIVER PERPORMANGS 

QPSK signaling techniques as previously pointed out are 
attractive from a bandwidth efficiency point of View? eee 
an unfiltered QPSK signal, phase transitions occur instan- 
taneously resulting in a constant: amplitude envelope signal. 
However, phase changes for filtered QPSK signals result ina 
varying envelope amplitude. Offset QPSK signaling, in which 
the in-phase and quadrature data bits are offset or staggered 
by one-half of a symbol interval results in a more constant 
amplitude envelope even after filtering. When a bandlimited 
offset QPSK signal is transmitted through an amplitude-limitime 
device, there is only partial regeneration of the spectrum 
amplitude back to the unfiltered level. For QPSK under the 
same circumstances, however, there is almost complete regener- 
ation to the unfiltered level. [Ret ees 

Figure 3.4 shows the structure of the optimum Offset OPSK 
recelver. 

Since offset QPSK uses the same principles, waveforms and 
receiver structure as those used in QPSK with the exception 
that now, one channel is offset in time with respect to the 
other one by one-half of a symbol interval, it should not be 
surprising to find that the performance of the reéceivemues 


Figure 3.4, with or without jamming is identical to thaeees 


PROBABILITY OF SYMBOL ERROR 
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Figure 3.4 Optimum Offset QPSK Receiver Structure 
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the QPSK receiver of Figure 3.1. The only difference is that 

the offset QPSK receiver operates on delayed data so that one 

correlator must offset its integration interval accordingly. 
Therefore, the probability of error is as given in equa- 


iepom (3.12), namely 
Peler = ° l= (ext, {/R,/2(+R,R,) 11° (3.219) 


and the corresponding performance curves are obviously identi- 


cal to those shown in Figure 3.3. 


See Mok RECEIVER PERFORMANCE 

The logical progression from QPSK to offset QPSK suggests 
that further suppression of out-of-band interference in band- 
Prmiting applications can be obtained if the offset QPSK signal 
format is modified to avoid phase transitions altogether. 
Minimum Shift Keying (MSK) is a constant envelope modulation 
with continuous phase at the bit transition times which pro- 
vides the desired sideband suppression. The MSK signal can 
be considered to be an offset QPSK signal with sinusoidal 
pulse weighting. [Ref. 4] 


The transmitted signals are of the form 


s. (t) = ¥2E_/Ts a, (t) cos (2nf, t) cos [2m£, tt |] 
+ V2E /T a, (t) sin (2nf£,t)sin[21£,t+a] as Pe ee (oncls ) 
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where a, (t) and a(t) are the in-phase and quadrature binary 


Q 
data. The orthonormal basis functions necessary to represent 
the MSK signals as an equivalent orthogonal series now take 


on the form 


>, (t) = v4/T cos (2mf, t)cos[2nf tta] ; 
(3.198 
>, (t) = ee Sin (27f,t)sinf2mf)tta] 


The optimum receiver for the recovery of the MSK signals 
aS ShOwn 1n shagqure #3 soe 

Assuming that all signals s.(t), i= 1,2,3,4 are equadiy 
likely to be transmitted and given a priori knowledge that 


Signal s,(t) was transmitted, the received signal is 


1 


sc Ee n(t) +n ee (3.2m 


sal S 

where again n(t) is a sample function of a white Gaussian 
noise process with zero mean and two-sided power spectral den- 
Sity level Ny/2 watts/Hz, and ny (t) is a sample function of 

a colored Gaussian noise process having autocorrelation 

funec On K (tT). 


The statistics of Y, and Yano sg ene 


dl. 2 


E{Y, |s, (t)} = E{Y, |s, (t)} = (332 
(c)} = E{n® } + E{né } (322 
Var ¥, 181 ) = Me Me, 
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o, (t) = V4/T cos (27£;t)cos[2nf tta] 


a(t) 0 


HE 








5 (t) = v4/T sin (2n£, (t)sin[2nf)tta] 


Paeguise 3.5 Optimum MSK Receiver Structure 
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2 Z 
VartY,|s, (t) } = a, + Bip, 


where 
e Pia 
n = 6) Ge alte = n (€) 05% Gyicme 
Wi 0 W aE Ww. rf W 2 
and 
;' met 
n = Ne (CC) Gees clita aan a = n (t)o,(t)dt 
Cy 0 ec il) C5 a7 2 es 2 
Also 
Ei [Y,-EtyY,}](y,-Ely,3]} = Btn oe + Ein. "ane 


Evaluating the first term in equation ™(3.26)5 y1elde 


oe 3T /2 
B(ns yf = oe el ie) ie (te) Coe n (t)o4 (t)eu 
Wy Wo - W 1 m/e W 2 
re N 
is e = 
= f =z ,(t)o,(t)dt = 0 
T /2 


From this result we observe that 


N 
E{n’ } = E{n? } - 2 
ik 2 


20 


(3.238 


(3.24) 


(32255 


(3.269 


(32208) 


(3.288 


The second term in equation (3.26) leads to 


we 3T /2 
E{n_ ct | i, K (t-1)o, (t) 5 (t) dt dr (3.29) 


e 
| ee 0 T/2 


Using techniques similar to those used in the MPSK case, it 


can be shown that 


Ee ney = 0 coer 3.0) 
Therefore 
Gia! (Vie eEt Yodel} = 0 (er3)1,) 
so that the remaining analysis for the performance of the MSK 
receiver 1S identical to that of the QPSK receiver. There- 
fore, the probability of a symbol error is 
Pr{e} = 1 - lerf,{VR,/2(1+R,R,)}1° (ene2) 
and the spectrum of the optimum colored noise jammer has the 
same mathematical form as that of MPSK, QPSK and OQPSK, 


namely 


ke 2 
Se P| o, (2): | (3.33) 


Sal 


except that now, due to the modification of >, (t) as indi- 


cated by equation (3.19), the spectrum of the colored noise 


jammer is given by 





: ’ 2 4P JE. cos“n(£-£,)T. 
S$ (£)) Spl oee) = — Ee 
: is n” | (i-(2 (eee ae 
> 
; } 
. (3.34) 


cos m(£+£5)T ; 
nel 


[l-(2(f£+£))T. 


as opposed to the spectrum of the colored noise jammer for 


OPSK given by 


EAP. sinm (f-f£)5)T. Z 
S_(f) = P |, (£) | ~ roe ( m(f-£5) 7. 


Sint (f£+f£,)T_ 2 
. ( ca Gears ) (Soo 
Ss 


BZ 


fie eek eh bAbiny COHRRENT PHRASE SHIFT KEYING 


Differentially Coherent Phase Shift Keying (DPSK) is a 
Signaling technique which eliminates the need for phase 
synchronization of the local carrier to the received signal 
by using a delayed version of the received signal as the local 
reference during demodulation. At the transmitter, the digi- 
ea we IiGeominatlonws Sneeded into phase differences between two 
successive signaling intervals and then modulated onto the 
carrier using conventional PSK techniques. DPSK allows the 
use of simpler and therefore less costly receiver structures 
at the expense of only a slight performance degradation as 


compared to coherent PSK signaling. [Ref. 5] 


A. DPSK RECEIVER PERFORMANCE IN COLORED NOISE JAMMING 
Contrasted to the coherent signaling techniques previously 
analyzed, DPSK analysis poses a mathematically formidable 
task, even in the case of binary signaling over an AWGN cor- 
Bueeca Ciannel. Consequently, the evaluation of the receiver 
performance will use the geometric approach first developed by 
Arthurs and Dym [Ref. 6], extended here to the case where 
the channel interference consists of additional colored noise 
jamming. 
The signal set for DPSK Signaling is identical to that for 
MPSK. Signaling as given by equation (2.1). Define T. to be the 


i 
‘a Signaling interval so that t « T. > (i-1)T. ee eer 


f 


Ss 


oe: 


1=1,2,... . The transmitted DPSK signals are therefore 


given by 
Se) = V2E /T. cos[2mf)t +9 ‘t) +0)" eee ( 4a 
where 
ee Ge (modulo 2m) (4.2) 


The phase information is denoted by Oo and a iS an arbitrary, 


; (j 
yet fixed phase. The possible values tae aa. can take on are 


gi 2 2 a (4.3) 


The optimum receiver structure for such a signaling scheme 
is shown in Figure 4.1. In Figure 4.1, 8 represents the re- 
ceiver phase ambiguity. In much the same way as in noncoherent 
demodulation, no attempt is made to phase lock the receiver 
in such a way that 8 = a. 


The received signal is 


P(t). “= >See n,(t) +n (t) , t: ve ae (4.4) 


where the noise components are the same as those used in 


previous analyses. 
In order to evaluate the DPSK receiver performance, the 
(1) 


probability density function of n must be found. To this 


end, the statistics of Yy and Y5 are required. 
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5 (t) = 2/T sin [2n£ t+8] 


Figure 4.1 Optimum DPSK Receiver Structure 


(25) 


eS OE cos [a-8+6 ] + a ae (4.55 
lL 1 
Y, = -YE, sinfa-g+e')} +n +n, (4.6) 
Z 2 
where 
Ali £ 
S S 
n = J n (t)o,(t)dt ; nyo = f n, (t) o, (t)dt (4.7) 
J 0 5 0 
3. = a2 
The expected value of Y, and Y, is 
| a ere 
EY, } = VE. cos[$, + 0 ] (4. oe 
ELY,} = =v Ee sin[d_ + yes (4.9) 


where >, is the phase error defined by 


a - B (4.10) 


As shown for the MPSK case, a Similar result holds eheme 


in that 


E{ ([¥,-E(¥,}] fy,-Efly,1]} = Ein n. } + Ein, n } = QO (4.11) 


SO that 
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i (4.12) 


and 
BS pet OC Ie) [oe ice hI =a tO (Amal) 


Again we find that Y, and Y, are independent Gaussian 
random variables and therefore, the joint probability density 


meEMCELON Of Yy and Y5 is 


5 5 (4.14) 


O 0 


2 2 
: | a a (Y,-E{Y, }) i (Y,-E{Y, }) 
Y,,Y, “1'¥2 2 XP "2 

Ia e% 2710 


Mmamerder to obtain the p.d.f. of nit? Vemwt Se a Coulp le 


transformation of random variables, namely 


oe = vye + ys ; ae - tan ~(¥5/¥,) (4.15) 
; rae (i) ales aeeae 
mesulting in a joint p.d.f. for V and n given by 
2 ae eaves = VE (vcosn,vsinn) + vf (-vcosn ,-vsinn) (4.16) 
vit) y(t) YyY5 YyY, 


ee Ue Oe TI 


from the p.d.f. of equation (4.14) we obtain 


7 


(5) 


i ese”. 
fe ae (Vi Soe —~[v"-2vvE_cos [nt+o_+6°° ]+E_]} 
yt) yg) noe 62 S e Ss 
+ —Yoexp(-—5Iv"-2vvE_cos Int 49D inlee }} (4517) 
2T10 ee 2 = 7 


Vv > 0;> OS 


Since the second term in equation (4.17) 1S equivalent to the 
first with the exception of the mt radian offset, it is possible 
to eliminate the second term by allowing n to range from 0 
tO 2a. -lhus 

nae 


2 (i) 
fe wlan = See [v--2vVE cos[n+ob +6 }+E_} (45183 
yh) per Dea 2 = 7 


The p.d.f. of n is now obtained by integrating equation (4.18) 


over the range of V, namely 


This integration leads to the result 


lst siny =F cos“ 
f i) = sep (2 
(on! Dea 9) SAe 5) 
H 20 20 


+ V2mE_/o* cosy erf,{ VE_/o* cos p}] (40208 
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where 


i) 


vy = 7 + >, + 6 rar. 21:) 
and 
N 
7, es 2 


A similar expression is valid for the p.d.f. of Aes 


eed Ge Oo owratt elewpeobability Of error performance 


of the DPSK receiver, it is necessary to evaluate 


Pa ceey mare), (2-1) 


pr{e} = pr{|n‘* a6 | & eral (4.23) 
First, observe that as long as . remains constant over two 


consecutive bit intervals, the mathematical expression of 


equation (4.23) remains unchanged so that it is possible to 


set d. = 0 without loss of generality. Furthermore, for the 
binary case with equally likely signals Se a, = 0 and 
, ="jTecach with probability 0.5. 

Therefore it is necessary to only compute 

Egy lye) ean pr{[n ‘tian 27)? | > 1/2} (4.24) 


however it must be remembered that by considering only 


5 Ee aa ="0, two Cases are in fact being analyzed, namely 


2S 


(4) _, (i-1) (4) _, (4-1) 


Q = 0 Ome = 71. Regardless of which of 


these cases occurs, the behavior of the angle td, f2-2) 
remains unchanged. Since these two cases occur with the same 
probability, we assume without loss of generality that 
Oe a 

Figure 4.2 shows a typical signal space representation of 
received DPSK signals. 


Cede), 


Assuming that n is Known, Figure 4.2 shows a line 


perpendicular to the vector corresponding to the assumed phase 

cee in order to highlight the region where the next 

received vector could lie and result in no receiver Grrom 
in each Case we  Nave@tume vecuos VE.¢) transmitted and a 


HOPSe=VeCCLOnr ia ieee added to it to form the corresponding 


Received vector. “Ine Staeroelcs Cp yigees 
Eine) 0 (43255 
Verin) —= Woo (4.26) 


A receiver error will be made if the component of n along 


A (ae i) 


$, exceeds VE. cosn Since n is a Gaussian vector, 


regardless of the coordinate system chosen, the components of 


the noise along dimensions oy and 5 will be zero mean, inde- 


; : 2 
pendent with variance o where 


N 
—- ee (4.2m 
Z S 
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Figure 4.2 


VE, COS 7 tid) 


Signal Space Representation of 
Peceived DPSK Signals 
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Consequently 


(ie) 


Pr{Error|n } 


prin, > VE. Cos 7 te) } 





Y 
foe) n = 
= f | =— exp{- —5}dn, (4.28) 
YE_cosn 4") V2n0" og 


~ 


where ny is the component of the nomwse vector enecuene or: 


Furthermore 
Price) w= if Pr{Error|n ‘171? j¢ ( fi-1)) g, fad) (4.29) 
mae py (inl) 
Using the ped 2k eres 7 with as = 0 and g (4-1) = Q, 
carrying out the integration indicated in equation (4.29) 
yields 
R 
.- i yy Semen eee 
Pr{e} = 5 exp { I(iSRR y3 (4.30) 
Dig 
where 
Re = VER Ro = 6° /E (4738 
D a Oe J Ces 


Observe that if no colored noise is present, the performance 


of a binary DPSK receiver in AWGN results, namely 


il E 
hee ay GION —} (4.329 
0 


eo 


Furthermore, if Ry becomes infinitely large 


lim Prie; = 5 (45533) 
R_7>c 
which is to be expected for a binary signaling scheme with 


equiprobable signals. 


B. OPTIMIZATION OF THE COLORED NOISE JAMMER 

Analyzing again the problem of designing an optimum 
jammer which will cause the greatest performance degradation 
to the DPSK receiver subject to a power constraint, we begin 


by taking derivatives of equation (4.30) with respect to R 


‘ai 
d RS Ry 
ae Pr{e} = ————y exp -fp7555 7} > (0 forall R (4.34) 
3 4 (14+R,R,) c 2 (1+R,R,) _ J 


Therefore, Pr{fe} is a monotonically increasing function with 


respect to the jamming-to-signal ratio, Ry: Therefore, just 


as for MPSK signaling 


= 2 
S305) = ea (C2 3)5) 
and 
ee IL 
oa = iG Pa (2055 '5)) 


The resulting DPSK receiver performance is plotted in 
Figure 4.3 for different values of Ry- 
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V. M-ARY QUADRATURE AMPLITUDE MODULATION 


The types of spectrally efficient signaling techniques 
discussed in this thesis provide bandwidth efficiency propor- 
tional to k = logoM, where k is the number of information 
bits per symbol and M is the number of signaling waveforms. 

It is well known that for MPSK signaling over an AWGN channel, 
for every doubling of signal phases beyond eight phases, 
approximately a 6 dB increase in average transmitted signal 
power is required in order to maintain the same error rate 
performance. Quadrature Amplitude Modulation (OAM) is a 
Signaling technigue that can reduce this penalty by using a 
combination of signal amplitudes and phases in order to trans- 


mit the M symbols consisting of k bits each. 


A. 16 QAM RECEIVER PERFORMANCE 
Micwwaverorms Of the l6 OAM signaling scheme can be 


mepresented by 


x(t) = A m, (t)cosl2nf t+a ] Come 


1 t+a] +A m,(t)sin[2nf 


0 Z 0 


where A, = A. 


transmitter phase uncertainty which is modeled as fixed but 


= a and ais an amplitude parameter, a is the 


arbitrary and m, (t) and ms (t) are the digital data signals of 


duration TS seconds having amplitudes 
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m, (t) = ees 
Once pes (52) 
ma (t) = 2s 
If we now define 
A a 
o, (t) = y a7 Ee cos [2nf,t +q] (5229 
A = 
o,(t) = ¥2/T sin [2m£,t +4] (5.4) 
and 
A 
R= aa (5259) 


then the signals of the 16 QAM signal set can be expressed as 


Se = Am, (t) >, (t) + Am. (t) >, (t) i, = 1,275 eee ( Scp 


where the four values that m, (t) and m(t) can individuaiigy 


2 


take, generate 16 unique Signals that can be represented as 
vectors on a two-dimensional plane as shown in Figure (5.1). 


The average energv of the signal set is 


E = 110A (5.7) 


so that the parameter Avian temnowem 15 becomes 
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Pugume 5.1 Siqnal Space Diagram for i6 QAM 
Signaling 
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A = VE./10 


( Sigtee 


The optimum receiver in minimum error probability sense 


for a 16 QAM scheme operating in AWGN is shown in Figure 5.2. 


When jamming 1S present, the received signal for this scheme 


is 


ree Ss, (t) + n(t) + n, (t) 


The statistics of Fandom Varianlece, 


tions can be shown to be 


eee, = S.4 
E{Y,} = S.5 
52 = 52 = ‘No > me 
ty Y5 2 S 
E{{¥,-Ety,}] {y,-Ely,}]3 
where 
Sik.) so TAmeee ty I 
why jt) 


Again, we find that Y, and Y, are statistically independemee 


iL 2 


ic 


ancuny 


2 


under these 


(ar 


9) 


condi- 


(a3 


. Loe 


. Lag 


128 


-13F 


. L143 


conditionally Gaussian random variables. Therefore the joint 


condi tiond lee... fos Y4 and Y5 
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1s 


< -2a 


1 
© -2a<y, <0 n 

= J 7 at i 1 - 
<S ; 





O<y,<2a m, (t) 
1 
> 2a 
me (t) 6, (t) = ¥2/T cos (27£ )t+a) 
ie ; 
m, (t) 





| 


b5(t) = v2/T sin (27£)t+a) 
Pangiicen ors.2 Gotimum, £6 CAM Peceiver Structure 
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| 1 | ae 
ff (y,,y,|/s.(t)) = —sexp (¢-—————_—_ (5, Loy 
Yy¥o |S; (t) “12074 Pete 20° 


and the probability of making a correct decision, given that 


Signal s, (t) was transmitted is 


Pric|s, (t)]} = Pr{L <i 


i L < Yale 


lu’ "29 ee eae 


Ne aes 








where the upper and lower limits Bae Lag: ij = 1,2 must 
determined for each of the signals in the signal set. In 
general 

Diy (Yv,-8,)° 
Precis. (c) > =.) exp {- Fae 

Fale ee Ze 

tony (Yy-S, 5) 
eh exp = eee (591m 


which can be simplified to the form 


32 
Pric|s.(t)} = f{ —Lexp{-2°/2}az {  —Lexp{-w'/2}aw (5.18) 
Sy VOT hy, v20 


where the limits of integration are defined as 


5 = ++ (5. 0gy 
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hs lu 
2l5 ~~ 
oe Le 
Ik 
re = aa 
> = 


In order tre evaluate 
the decision regions for 


Seace., Fortunately, all 


= S. 

ah 
= (5.20) 
= S, 

i2 (5.21) 
Oo 
-_ S., 

12 iS oe 
Oo 


Pigne)| See) }, WermuUuSt first detine 
each of the signals in the signal 


of the signals in the 16 QAM signal 


space have decision regions which can be described by one of 


the subsets of the two-dimensional plane as described in 


Bigure 5.3. 


It can be shown that 


EReeconGgitional probabilities of 


correct decision associated with these regions are 


Pr{c|I} = 

ig he | Bll, 

Pr {eileen } 
where 

ye a 
and 


Zz 


[eter Co2 5) 
2: 

Pier tc. (x) | (5.24) 

permet) [1 saeeerfc, (y)] <2 5) 

VRp/10 (1+R,RS) (722 0)) 


Wik 


5 (t) 


WD?B.. 
NG 


(a) Translated Type I Decision Region 
bo (t) 
A 





-A 


(b) Translated Tyoe II Decision Region 
OE ae) 
2 





(c) Translated type III Decision Region 


Plgues. so s.5 16 QAM Decision Regions 


TZ 


R. = 2E_/No (Signal to Noise Ratio) (S027) 
R = 0° /E. (Jamming to Signal Ratio) (36 Bis 


Assuming all signals are equally likely to be transmitted, we 


ave 
Prie} = 1- (= erfs(y) +5 -erfc, (y) 1 + erf, (y) [5 -erfe, (v7) I} 29) 


Observe that if no jamming is present, equation (5.29) 


becomes 


Prie} = l- {z erty (VE_/5N,) + [5 -erfc, (¥E_/5N,) 1° 
+ exf, (/B_/5N,) [> -erfc, (VE_/5N,) 1) (5.30) 


Beh is the probability of error for a 16 QAM signaling 
scheme in AWGN. Furthermore, if the jamming power becomes 


Mafanitely large, 


lim Prte} = =; (Sto } 
R_-~c 


J 


which is expected for a signaling set with 16 equiprobable 
Signals. 

We now wish to maximize the jammer's effect on the 16 
QAM signaling technique. Taking derivatives of equation 


(5.29) with respect to y yields 


yee) 





ore) exp {-y°/2} [3er£, (y) -1] (53325 


dy ZV2T 


Since y 1S always positive and erf,(y) takes on values rang= 


ing from 0.5 to 1.0 for y between 0 and ~, respectively. 


= Price} 20 tormeerniae (Seen 


Therefore, in order to maximize Pri{e}, y must be made as 


small as possible, which further implies making R. or equi- 


J 
valently a as large as possible for fixed Eo: Recalling that 


oe f S$. (#) |e, (£) 


=— 6O 


ic 


at (5.34) 


we again have for a power-constrained jammer 


= ! 2 
SA) os ey Ga (5.355 
so that 
Doe well 
o = we, (5.36) 


Figure 5.4 shows the performance for the 16 QAM receiver as 


a function of SNR for fixed values of JSR. 
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B. 64 AND 256 QAM RECEIVER PERFORMANCE 

The concepts just developed for 16 QAM signaling can 
most easily be extended to 64 and 256 QAM systems. 

The signal space diagram for 64 QAM signaling is shown in 
Figure 5.5. The Signal space diagram for 64 QAM signaling 
contains the same Type I, Type II and Type III decision regions 
as in 16 QAM except that a different number of each of these 
exist. 

Also, the average energy of the signal set is now 


E. = A2A,A (5.37) 


and as a result, y of equation (5.26) is given by 


= A = YR_/42(1+R_R.) 
Y + = YR,/42(1+R5R5) | (5.38) 


The total probability of a correct decision now becomes 
pr{c} = cyl4pric|I} + 36pr{c|II} + 24pr{c|IIT}] (52399 


where Pr{c|I}, Pr{c|II} and Pr{c|III} are defined by equas 
tions (5.23), (5.24) and (5.25) -respectively with 7 Cores 
by equation: (5235)2 

The symbol error rate performance for 64 QAM is now 


Bees See Lil ert? (+9 5-erfc, (y) ]“#3er¢, (Y) [5 -erfc, (¥)]} (5.40) 


4°4 
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aT 


Receiver performance curves for 64 QAM signaling described 
by equation (5.40) are shown in Picmeemo or 

The same technique can be used to find the error per- 
formance of 256 QAM in colored noise jamming. 


The average signal set energy is now 





= ._ . 3539 2 
and 
y= 2.92 / Peres screen (5.2 
O D Die) x 


so that the symbol error probability for 256 OAM sagnalaae 
becomes 
ce Wea! 


iy ere perso, ere, 69 Gente, (| (5.43) 


Pric} = 1G 28 


The corresponding receiver performance for 256 QAM signaling 
is shown in Figure 5.7. 

It can easily be shown that the symbol error probabilities 
for both 64 and 256 QAM systems yield expected results under 
limiting conditions. That is, if no jamming 12S presen 
classical AWGN performance results are obtained and if the 
jamming power grows without bound, the error probability tends 
toward the maximum value for a set of M equiprobable signals, 


namely (M-1)/M. 
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For the 64 and 256 QAM systems, jammer optimization re- 


guires finding the derivative of the symbol error probability 


» 


expressions, equations (5.40) and (5.43) with respect to Ry 


Or eguivalently y. For the 64 QAM system the derivative yields 


CG pr{e} = — expl-y*/2} [7er£, (y)-3] < 0 for all y (5.44) 


dy gan 





and similarly for the 256 QAM system the result is 


So Gaig) Poe exp{-y*/2} [15er£, (y)-7] A (0) fdore cule, (5 so 


ay 32/27 





so that the mathematical expression for the optimized colored 
noise jamming spectrum is the same for both 64 and 256 QAM 


Signaling as that developed for the 16 QAM system, namely 


ee pole, (£) 1 (5.46) 
C. 32 QAM RECEIVER PERFORMANCE 

Unlike the 16, 64 and 256 QAM cases, 32 QAM signaling 
does not have all the same decision region types previously 
considered. This can be observed by examining the signal 
space diagram for 32 QAM signaling shown in Figure 5.8. 

As can be seen, the perpendicular bisectors which define 
the optimum decision regions have changed slightly due to 
the lack of "corner" signals. However, there still exist 


only three distinct types of decision regions, two of which 
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are identical to those considered previously. The Type II 
and Type III decision regions shown in Figure 5.3 are Fenn se 
tent for 16, 32, 64 and 256 QAM cases. A new Type I decision 
region must be considered for the 32 QAM signaling case. 
Figure 5.9 shows this new Type I decision region. 

From the geometry of this Type I decision region, the 
probability of making a correct decision given that the trans- 
mitted signal lies in a Type I decision region in the absence 


Of noise is 


Papeiii = Pri-A <N),-A <N59< (N,+2A)] (5.47) 
which results in 
Eaicli} = erfy (5) - f + exp {-x*/2}eréc, (x +B ax (5.48) 
-A/o Van 


The average energy of the signal set is 


E = 20A (5.49) 
so that now 
oe EE I ay Oars ay (5. S6r 
re} D Di : 


hae tOtal probability of a correct decision is now 


26, 


“\ . 


Fiqguise 5:9 Translated Tyne I Decision Region 
AM 


pric; = 351 8Pr{c| 1} + 16Pr{c|II} + 8Pr{c|III}] 51) 


where Pr{c|/II} and Pr{c|III} are defined by equations (5.24) 
and (5.25) respectively with y given by equation (5.50). 


The probability of a symbol error is 


Pr{e} = 1 - Z[2tllerfs(y)-9erf,(y) - f —L exp{-x*/2}erfc, (x+2y)dx] 
4) 
(5.52) 


Performance curves for a 32 QAM receiver structure 
operating in colored noise jamming are shown in Figure 5.10. 


The optimized jammer is found by first taking the deriva- 





tive of equation (5.52) with respect to y. This derivative 
shows 
d _ ol 2 Z 
a, Prie} = [23erf, (y)-l0Jexp{-y"/2}+exp{-y"}?> < 0 (S253) 
v 4/20 

for all y 


and therefore we again have for a power constrained jammer 


S(2) = OP | om (a | Gao) 
so that 
7 wl 
On = 1G Po (3.55) 
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VI. A SPECIAL CASE OF QUADRATURE AMPLITUDE 
MODULATION: 16-STATE AM/PM SIGNALING 
The 16-state AM/PM signaling scheme is a CCITT recommended 
technique used in 9600 bit/sec. voice band modems [Ref. 7]. 
This technique can be considered to be a modification of the 
16 QAM signaling previously considered. Because of its 
potential application in digital radio transmission, its 
performance in the presence of AWGN and colored noise jamming 


is analyzed. 


Pee ee CE IVER PERFORMANCE IN COLORED NOISE JAMMING 

The signal space diagram for l6-state AM/PM signaling is 
shown in Figure 6.1. 

The waveforms of this signaling technique can be expressed 


in terms of the quadrature components, namely 


x, (t) A\m, (t)cos [27£ tta] + Am, (t)sin[2mf t+] (6.1) 


0 


where A, = A, =a, a is the transmit phase uncertainty and 


m, (t) and m. (t) are the digital data signals of duration Te 


seconds with amplitudes 


lI 
I+ 
MH 
= 
I+ 
WW 
= 
I+ 
un 


m, (t) 
Oe aT US Ge, 


m., (t) 


lI 
I+ 
KE 
~ 
I+ 
Ww 
= 
+ 
Un 
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Signal Space Diagram for 16-State 
AM/PM Signaling 
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The 16 signals can be expressed as 
Sat) = Am, (t) >, (t) + Am. (t) >> (t) ie) eee: 86- COmr) 


where o, (t), 5 (t) and A are defined by equations (5.3), 
(5.4) and (5.5) respectively. 


The average energy of the signal set is 
B = “ae + a = V2E_/27 (6.4) 


The optimum decision regions defined by the perpendicular 
bisectors of the signals in the signal space diagram produce 
four unique segments of the two-dimensional space as Figure 
6.2 shows. 

As can be seen from Figure 6.2, the optimum decision 
regions are unusually shaped. The receiver logic necessary 
to determine whether a received signal is within its corres- 
ponding decision region would be extremely complex. Since 
such an optimum receiver would be either impractical or 
uneconomical fem lenent, we consider instead suboptimum 
decision regions associated with this scheme as shown in 
Figure 6.3. Such decision regions could be implemented in 
logic very easily by first determining the received signal 
component along o, (t) and d5 (t). 

This is demonstrated by the receiver structure shown in 
Figure 6.4, where amplitude and phase information of the 


received signal is extracted. 
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5 (t) = ¥2/T,sin (2nf)tta) 


Figure 6.4 Receiver Structure for Subontimum 
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The statistical description of the random variables Yy 


pice Ya is Similar to that developed for OAM signaling. That 


2 
is, 
EtY,} = Say (6.5) 
eee =r (6.6) 
N 
2 2D 0 Bois 2 
O = Oo = —~+0 =a (6.7 ) 
vy Y, Z © 

E{(¥Y,-Ety, }] (¥,-Ety,}13 = 0 (6.8) 

where 
Se = Ame ce Sees Le, Pale (6.9 
ij : ) 5 ) 


Again, Yy and Y, are statistically independent conditionally 


2 
Gaussian random variables. 

JUSE aS was carried out for MPSK signaling, a double 
random variable transformation is used so as to generate 
mameon variables V and n having conditional probability den- 
Sey function given by 
“) 


fy als (ty (Vents, (E)) = —exp - —slv-vE,cos (n-8, ) J 
: 1 2710 20 


x exp{- —ylejsin® (n-8,)1} Cer 0 ) 
0 


a3 


where 
V = ve + y ’ = tan (¥,/Y,) (62e 


and 


B. = Vs*_ + 6? (6/0 


at ak nue 
—— Senne ic ey) (6 sey 
ne ell : 


We now compute the probability of a correct decision 
associated with each of the four types of decision regions 
described: in Figure 6.34. 

For the Type I decision region 


idieq(@|fie | Pr{0 <V <2A/V2,5 <n << (6 sabes 


which with the use of the conditional p.d.£. of equatzen 


(6.10) results in 
1/8 

Pr{c|I} = rexp{-d" } - = exp {-5d°} J exp{ 4d? cos Widy 
0 


1/8 


gees f coswexp{-d-sin“} ferf, (/2dcosy) -erfc, (/2d{2-cosw}) dw 


WT 0 


(6 eee 


94 


where 


oe 
at. = V2R,/27 (1+R,R,) (6.16) 
For the Type II decision region 
TT Si 
eae || rr} = Pr{2aVv2 Sy Sry Sh Sire (6.17) 
which yields 
i QD. fVe 2 
Eieyit} = — exp {-13d } f  exp{12a" cosp}ay 
0 
es 2 
+ a df costexp{-9d“sin“ylerfc, {2d (2-3cos) }dy (Gnks) 
TT 0 | 


(6.10) has been used to obtain equation 


where again equation 
is also used to evaluate 


(or i8). Equation (6.10) 


Pr{0 <V <4A,-5 <n <q} (6.19) 


Bere | Lier, = 


for the Type III decision region, thus yielding 


2 11/8 
Sac exp{12d“cosn }an 


Pele|III} = 5 exp {- sa} - = exp{- ; 
0 


a Me Jo 9 
+ —df cosnexp{ —5d sin n} [er£, (3dcosn) ~erfc, (d{4-3cosn})]dn 
van 0 
(6220) 


Ee) 


and finally, for the Type IV decisiton@rearen 


Price)! ) = Pr{4A <V <~,-3 <n <=} 


Por owen 


1/8 
Pele hay o= = exp {- =e | exp{ 20d cos n}dn 
0 


1/8 


BY af cosnexp{- 2a" sin*nlerfe, (d{4-5 cos nt})dn 


V27 


(60215) 


(6.228 


Assuming equal prior probability of transmission for all 


Signals, the total probability of a correct decision is ob- 


tained by evaluaring 


Prict = ze (4Pr{c| 1} +4Pr{c|II} +4Pric| fit) aera ie 


which after some simplification becomes 


96 


(6 22598 


1/8 


Pr{c} = a exp {- ~a°} Fay z exp {- aie) ~pexp{-d° ‘ exp{- -8d°sin* Say 
1/8 1/8 
~ dexp{- da?) fi exp{-24d’sin® Pant pexp{-d°} / ' exp{-24d°sin® Yay 


1/8 
ii 12 Zee th} 
+ gexp{- 5d Aly exp{-40a" sin” 5}dn 


+f cos wexp{-d’sin“v} [er£, (V2 cos) -erfc, (V3d [2-cos] ) Ja 





ca a 

+ cos nexp{- 5d’ sin’n} [erf, (3d cosn) -erfc, (d[4-3 cosn]) Jdn 

4/27 

ikl ag 
+ 2 cosn expt - ss sin -nherfe, (a[4-5 cosn] )dn 

4/2 

4a A Dwele: 
+—f{ cos wexp{-94“sin“vherfc, (Y2d [2-3 cosy] ) av (6.24) 

4/7 0 


This rather lengthy expression can be analyzed for the case 
in which the jamming power increases without bound. From 
equation (6.16) under these conditions d tends toward zero 


and 


= 


immelees. = ie 


a0 


Orc 1) 


27. 


which is the expected result for a signal set with 16 equi- 
probable signals. 

Performance curves for the suboptimum 16-state AM/PM 
receiver are shown in Figure 6.5. 

Since the expression for the probability of a correct 
decision given by equation (6.24) is so mathematically involved, 
no attempt has been made to optimize the colored noise jammer 
against the 16-state AM/PM receiver. However, based on the 
results of Figure 6.5, it seems reasonable to assume that the 
optimum jamming spectrum should match the transmitted signal 
Spectrum, just as encountered in the previous signaling 
schemes analyzed. 

For a performance comparison of the 16-state AM/PM scheme, 
Figure 6.6 shows receiver performance curves for 16-QAM, 16- 


state AM/PM and 16-PSK signaling in an AWGN environment. 
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In this thesis the performance of receivers assumed to 
be operating in the presence of both AWGN and colored noise 
jamming has been analyzed for several digital modulation tech- 
niques. In all except the l6-state AM/PM case, the receivers 
considered are optimum for discriminating amongst M signals 
received in an AWGN environment in the sense of minimum proba- 
bility of error. .Receiver symbol error probability was used 
throughout as the measure of receiver performance. 

In addition to receiver performance analysis, optimized 
jamming techniques were also developed. The colored noise 
jammer was modeled as power limited, Pee alated with the 
white channel noise and Gaussianly distributed with power 
Spectral density determined as part of the optimization proce- 
dure. The intent of the optimization was to maximize the 
receiver symbol error probability while making efficient use 
of the jammer's available power. 

In Chapter II, the MPSK receiver structure was analyzed 
in the presence of colored noise jamming. Figures 2.2 through 
2.5 corresponding to the M = 4, 8, 16 and 32 cases respec- 
mavely, all conclusively show significant receiver performance 
degradation in the presence of relatively low levels of colored 
Gemse jamming. Typically only a -10 dB jamming-to-signal ratio 


was required to increase the symbol error probability a 


LOL 


minimum of one order of magnitude for SNR values in the range 
of 15 dB to 30 dB. The M = 4 and M = 8 cases showed Superior 
performance in the presence of jamming when compared to the 

M = 16 and M = 32 cases. This is not Surprising since the 
optimum decision regions defined by the perpendicular bisec- 
tors of adjacent signals in the signal space, mathematically 


described by the angle 6, where - sa become smaller 


a 
M M’ 
as M increases. The smaller the decision regions become, the 
more likely it is that the additive interference will produce 
an observation vector at the receiver which lies outside of 
the correct decision region thereby causing a decision error. 
For the MPSK modulation method, the optimum power constrained 
colored noise jammer was found to have a power spectral den- 
sity which mimicked the power spectrum of the MPSK signal. 
The general results developed-in Chapter II were then 
applied to three special cases of MPSK signaling in Chapter 
III. QPSK, OQPSK and MSK are all special cases of 4-ary PSK 
modulation with OQPSK and MSK providing improved performance 
in bandlimited applications over QPSK modulation. Although 
the purpose and implementation differed for each, all three 
were found to perform identically in the jamming environment. 
This was not too surprising since these three signaling 
schemes also perform identically in AWGN-only interference. 
The mathematical expression for the optimum colored noise 
jamming waveform was also the same for these three modulation 


techniques. However, since the basis functions used in the 
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series representation of the -MSK signals are different from 
those used in QPSK and OQPSK signaling, the actual optimum 
jamming spectrums differed accordingly. The optimized jamming 
spectrum’ still mimicked the signaling spectrum except that 
now, the signal spectrum of MSK modulation is different from 
that of QPSK and OOPSK modulation. 

Chapter IV presented the analysis and performance evalua- 
tion of a receiver for DPSK modulation operating in the presence 
of AWGN and colored noise jamming. As was the case for MPSK, 
Figure 4.3 shows the same severe performance degradation ex- 
perienced by the DPSK receiver in the presence of relatively 
low levels of jamming. Figure 4.3 shows the corresponding 
performance curves and demonstrates the degrading effect of 
jamming. The optimum jamming spectrum for use against DPSK 
modulation, as in the preceding analyses, was shown to be 
matched to the transmit signal spectrum. 

The M-ary QAM techniques discussed in Chapter V, although 
showing the same general performance degradation tendency 
observed in the other signaling schemes, provided the best 
overall performance in the presence of jamming for a given 
value of M and JSR level of all the signaling techniques 
analyzed. Relating again the size of the optimum receiver 
decision regions to the receiver performance, QAM signals 
have the largest decision regions for fixed signal energy and 
value of M, with a smaller decrease in size of the decision 


meoreon fOr inereasing values of M, when compared to other 


iL@s 


digital modulation schemes. Therefore, for a given SNR and 
symbol error probability, more Signaling levels and therefore 
more information bits per symbol (k = log,™) can be trans- 
mitted using M-ary QAM than using MPSK modulation, whether 
Or not jamming is present. This improved receiver performance 
combined with a receiver structure implementation that is as 
simple as that for MPSK Signaling, explains the pooulari@ gee 
QAM techniques in modern digital communication applications. 
Figures 5.4, 5.6, 5.7 and 5.10 graphically display theveus 
receiver performance for M = 16, 64, 256 and 32. As before, 
the jamming spectrum that optimizes the colored noise jammer 
in QAM transmission cases is identical to that of the tranmeieee 
Signal spectrum. 

The lé-state AM/PM signaling scheme analyzed in Chapter 
VI yielded several interesting results. First, the receiver 
structure necessary to make optimum decisions proved too com- 
plicated to practically implement. A suboptimum receiver 
structure was therefore selected by modifying the MPSK re- 
ceiver structure in such a way that both amplitude and phase 
information about the observation signal vector are coOmpucece 
The performance analysis was then carried out assuming that 
both AWGN and colored noise jamming-were present in the chan- 
nel. The mathematical expression for symbol error probability 
proved so involved that jammer optimization was not attempted. 
However, receiver performance graphs for the 16-state AM/PM 


technique using the suboptimum system described above were 
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generated as shown in Figure 6.5. A comparison of Figure 6.5 
with Figures 2.4 and 5.4 which show 16-PSK and 16 QAM receiver 
performance, respectively, demonstrates that the suboptimum 
l6é-state AM/PM receiver structure yields a performance which 
lies between that of 16-PSK and 16 QAM. A performance com- 
parison of these three 16-level signaling techniques in AWGN 
is shown in Figure 6.6. The l6-state AM/PM suboptimum scheme 
performs almost as well as the QAM system at SNR levels below 
12 dB, approaches the performance of PSK for SNR values be- 
tween 16 dB and 22 dB, and then performs worse than both QAM 
and PSK for SNR values beyond 22 dB. This is partly due to 
the use of suboptimum rather than optimum decision regions in 
the’ l6-state AM/PM receiver. As the SNR increases, the size 
of the optimum decision regions increases proportionally. 
The size of the suboptimum decision regions, however, do not 
increase at a similar rate causing the receiver structure to 
become more suboptimum at higher SNR levels. Although no 
Jammer optimization was performed, based on previous results, 
the optimum colored noise jammer spectrum would be expected 
to mimic the 16-state AM/PM signal spectrum. Consequently, 
receiver performance was determined and Boones ved on the 
assumption that the jammer spectrum was matched to the signal 
spectrum. 

Table 7.1 presents selected receiver performance results 
for each of the receiver structures analyzed. The SNR was 
pEeected COrresponding to a symbol error probability of mor? 


in AWGN. Table 7.2 identifies the SNR penalty associated with 


TOS 


CABLE yaa 


COMPARATIVE RECEIVER SYMBOL ERROR PROBATE. 


Number of 
Signaling Signaling | 
ea eileen Metned SNR JSR=0.0 JSR=-20dB  JSR=-10 GB 
=A -4 Ps, 
2 DPSK 12 4B 1.8x10 Fees allio 2 33a 
, -4 -3 — 2 
4 OPSK 14 dB 3.93 x10 1.52 x10 5. 37 
= 3 = 
g 8-PSK 20 dB 1.28 x10 6.77 x10 2.48 x10 
-4 = ai 
ie 16-PSK Done) 2) 5.17 alo 8.88 x10 5.44 x10 
16-O2M 29 dB).i).03 <10m) nee ome 198) eae 
1é-state AM/EM 261dBu 4.54 « llOm Oem Tone 4.27 x10 + 
-4 =i = 
32 32-PSK 31 4B 4.84 x10 3.44 x10 7.57 ln 
32-OAM >5GReeI 4a aloes Semon lone 6.29 x10 1 
-~4 = a 
64 64-OaM 28 dB 1.86 x10 2.48 x10 7.97 x10 
4 ET a 
256 256-QAM 34 4B «2.26 x10 Bae) Ue 9.42 il 
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EABwe 7.2 
2 


SNR PENALTY FOR MAINTAINING PR{e} = 10 * IN JAMMING 
Number of SNR Penalty 
Signaling Signaling for 
Levels, M Method JSR =) —20-aB 
2 DPSK 0.5 AaB 
4 OPSK 0.5 dB 
8 8-PSK 2 dB 
16 16-PSK >6 GB 
16-QAM 2 dB 
16-state AM/PM +4 dB 
cw 32-PSK * 
32-OAM >10 dB 
64 64-OAM * 


226 ZA 10 -OAM x 


* Asymptotically approaches a Price} < no) 


OF 


maintaining a symbol error probabiiee ae. Tome in a -20 dB 
JSR environment. As shown in all M-ary signaling techniques - 
analyzed, symbol error probability increases with increasing 
M. The modulation scheme least affected by the colored noise 
jamming was the QAM system. 

Throughout this thesis, the optimum colored noise jammer 
was found to require exact knowledge of the transmit signal 
Spectrum. Without this a priori information, a suboptimum 
colored noise jammer would be expected to provide similar 
yet less effective results since the optimum jammer caused 
such large performance degradation with low power levels. 

In summary, although the AWGN receiver 1s considered a 
general purpose receiver that performs well nee different 
channel environments, the results presented here show that 
Significant performance degradation can be expected #HEe the 
Same system is used in a colored noise jamming environment. 
By the same reasoning, the colored noise jamming model used 
throughout this thesis has proven to be an extremely effec- 


tive, power efficient jammer for use against AWGN receivers. 
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APPENDIX A 


Dee LED INVESTIGATION OF THE PRODUCT 


OF 9, (-f) AND 2, (f) 


Let >, (t) and do (t) be given by equation (2.3), namely 








>, (t) = ¥2/T. cos (2nf)tta) and 5 (t) = Y 27 T_ sin (2nf)tta) 
(oe) 
and define 
; a O) aes 
>. (t) = .\ g) == (ae. 2) 
: | 0 ; otherwise 
so that the Da Ines are defined for all time t. Thus, 64 (E), 
j = 1,2, can now be expressed as 
t 
>, (t) = aoa) cos (2nf)t) (Re 3 ) 
bo (t) =D) sin (21f)t) (A.4) 
where 
ee ee O<t<T,. 
p(t) = | (A>) 
0 , otherwise 


and a has been set to zero. 


aeOg 


The Fourier Transform of p(t), namely P(£) asian 





Sin(7fT_) ma luesit ~ ju eae 
Pt £) = ¥2/T., Ge Se = ea Sune (fT Je 
(A. 6) 
so that 
$2 (E) = Se Gee eae 
1 2 0 0 
a -jn(f£-£,)T. | 
= 5 ¥2/T. le sinc(f-f£,)T, 
=i oe 
+ e sinc (f+f))T.] (AQT) 
and 
@,(£) = wtp (£-£,) -P(E+EA) I 
2 ji 0 0 
=]T (f=e4) 
_ Jk Oe 7S ‘ 
Sees; V1 ae sinc (f-f£))T. 
~ju(ft+f£)) TQ 
- e sinc (f+f))T ] (A.8) 
S 
Using equations (A.7) and (A.8) che predieere. o, (-f) and 
>, (f) becomes 
7 2 eee = 2 es 
= S O's Zee ie Os 
ses 5) gle oe ee Sy ] (A.9) 


To 


where 


A 4 5 
SS sinc (f+f))T. and S =n £ aie AO) 


Through factoring we can show 


; al ieee 9) 1 eee len ed Sates 
(-£) o, (f) = =,|Sie Q *-S¢ ? ~) [Se 2 "+S e 


ne 
1 


0 
(Az 1) 


Expanding the terms in the brackets yields 


eS : Ts 2 2 
Sige = ©, (-£)0,(f) = gti [sinc (f£+£,)T -sinc (f-£,))T.] 


+ sinc [(f£+f£,)T,]sinc[(f-f))T ]sin(2nf)T_) } (Ae 2) 


and similarly 


t 1 i 
o, (£) 2, (-£) = ${-j[sinc*(£+£,)T_-sine* (£-£,) 7.1 


ee 


+ sinc[(f-f))T_Jsinc[(f+f )T Jsin(2nf£,T.) } Guiles 
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Observe that 


in peice aceane oda function 


Reale san even f£unction 


ladbak 


Therefore 


co 


|e See (2) cue 


— CO 


since 


sinc[(f-f£,)T Jsinc[(ft+f£,)T.] 
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—O 


— OO 


S, (£) [RetG (£) }+3 


S.(£)RetG(f) }dt 


=> 


112 





ImitG(£) ee 


be 
© 


iS taOree net BNC > 


Ziemer, Rodger E. and Peterson, Roger L., Digital 
Communications and Spread Spectrum Systems, pp. 198- 
yilceeMacMi lian, 19:85,. 


Lindsey, W.C. and Simon, M.K., Telecommunication System 
Pierce uMigym pp. 220-2otemrentice Halil, 1973. 


Feher Kamilo, Digital Communications, Satellite/Earth 
Station Engineering, pp. 162-168, Prentice Hall, 1981. 


Pascubathy, cubbarayan = nim Shift Keying: )A 
Spectealiy krticient Modulation, IEEE Communications 
Magazine, July 1979. 


Pact oye VOnnnG a, DIidimkaue Communications, pp. L71l=178, 
McGraw-Hill, 1983. 


D@eEMiGs, i ana Dyn, ste On the Optimum Detection of 
Digital Signals in the Presence of White Gaussian 

Noise--A Geometric Interpretation and a Study of Three 
Basic Data Transmission Systems," IRE Transactions on 


Cotmumicatvons Magazeieypp-) 2270-352, December 1962. 


suleh, David R., Digital Transmission Systems, pp. 296- 
301, Van Nostrand, 1985. 


iS 


INITIAL DISTRIBUTICNVErSr 


NO 


Defense Technical Information Center 
Cameron Station 
Alexandria, Virginia 22304-6145 


Library, Codemeia2 
Naval Postgraduate School 
Monterey, California 93943-53002 


Department Chairman, Code 62 

Department of Electrical and 
Computer Engineering 

Naval Postgraduate School 

Monterey, California 93943-5000 


Professor Daniel Bukofzer, Code 62Bh 

Department of Electrical and 
Computer Engineering 

Naval Postgraduate School 

Monterey, California 93943-5000 


Professor Paul Moose, Code 62Me 

Department of Electrical and 
Computer Engineering 

Naval Postgraduate School 

Monterey, California 93943-5000 


Captain Barry L. Shoop 


RD #1, Box 296B 
Ashland, Pennsylvania 17921 


114 


Copies 




















DUDLEY KNGX LIBRARY 
NAVAL POSTGRADUATE SCHOOL 
NATTY CALITORWTIA 98943.8002 


rent 





oC PAL Per Bae et fet 
Ae Goubsd.§ Le 

















































































































































































* 1 4 rts 4s Und bo 
fare ‘ ce igh i Bi 
cal . 4 , 
thesS4833 
¢ 
An analysi : 
n analysis of coherent and differential ‘ 
| | II] Way | 1antl ae 
. 
fayptinatees ACTER TET I ||| || 
ee =—_3 2768 0007 : 
a 5 j. 5 ee Ie pete a AW (mG A - 
: Pas Meta e inna table Cd antl Ne ae Sites DUDLEY KNO “ane 
= iP ris “ ak : oy ay 4 po pf ‘ i 
Ja. Acetone. aa . Ma en ne seins heap f , X Ll BRARY J 
Wt JT ¥ a stn hot by 3 ag i bs : 
ee y vay 4 iba oad cate ty 1s vg tf co ie ow td 1 r at ‘ ' 
ain get’ SBE gat : SH era Pantyryt | at Sa | t ‘af ae f tel AAS 6) a i 
wat Wise das ABA ta a eos aie atte Ch A tel if, r Coen W tal i if i bie ee nets rane . 
LP a EY 39 Ny Pe by ts 1d-bal fn fo me inf! eel wu mi 
per aeey, af TRE af hee nee sh sashes ‘ey re si peas ey ee - fet Fic on a 
ait eae ns Lite UP ae ecs RS Sh i ee "Se oe) 
ipa ont ent aie vg SUE) UE tee fea SCAM A an, are hes 
nn due lade Sprindas ey £ wk we ae ate fe wheerttn i. a uy a A te ’ Oe RP 
debs Hie p abet ~~ i i ry ue : " ahs ee , ] a Lae fs 
i rete ee Sosa wate PEN . ay cy eft ae ‘ y 3 ag s « : A 
Wf MCE 29 ro da 4 Mm 1% teed Of Pat hye ie? hy STE e ary ANT ¢ . 
rontee ot Sands ras qou GC pot ch at ra Ute i a Soe ee eee at i be ’ F ; 
A cnn 1Qd560! ot ane fas Ferhat. + au aes ae I Meee © i : ‘ at ; 
pte het aie ipehis eet! roe A ok ish it: ies, ae fe kil ototet scan Mi ps le (Fal 2 ' 
: hee one , a i ; * ft ' , Y 
rat abs .: 23 e al “ta hae ages ya ee oe unt + e Re ate ot ? | fs! pa at at a me “td ae ‘ aye : L 34 - 
‘Be tart oni ani ony: 68 pee 4 aca! Eee ms ie ie ty ‘f ef = Bs 4, is mo att ~ire on 
M AT aheer ar LJ ‘2 1 7 : 
: : wy fe RSet mala * it ree Fag he tae hee jai. fe | r : isp a y RE. Fr ; f r 
Jase. ors in $4.4 cates anes i eh igen ae may oe: Sel ery ee wee | 7 Heetae sa asy ie ¢ Ms ids i o« 8 
RAEN MY Bed, Abie Bi 6: "a « 6 he ho Raf Wik ashe AR aT P sea ’ $ 
Patoae Hea a Sits ee Paste | Re Sant ons Rye e at at Oeste cleage tt aN Tne ie 
batten staeaaees ee Utena aes oe Coe Sea eR ‘a 
Age se Race andar ke ‘siete sited ny eaens rep Pore) ,, Lol kay Cay ey ee A ob tir ty, ‘ F ae th § EMP Aine i 
siamo Mf de , ‘ee 4x f eg tetticn it ob Ped le Rd t ' f ’ 
af, ss ne aba ca find le ene ti as edi’ ot) Pees /Pa, 
. saatededincl 4 he ine re nape ee 4 aha; t Ty Py) RA dtd > | ty ee 8g , 
paisa $ ade rey ye ay ates eis phar ets bit ‘uf f ‘ea a! rab ahets rae ¢ Mr 
may Sil ry eae vat ws sy ayes! " Hg Bey ‘t Pret ® of. $4 Pi 
Be i oh & Ge avian iio rire $a $4 pos ( einer i\ Bik Agee §epeuy "| tt Phe 4 a 5, 
fatige te BE age He ‘ Pie se ia oA gs: ile Mate: ete faba I Hips fb ost 8 Lets oe ) 4 i 
ee jessie ny (Suet st Sete A Mise Geiss Hohe Ms oT ores ee Nf. 2“ a A 
F ay *" TA ° ’ ra ‘i #. . 
Mtl a res Ripe a Beas eS "a veaeiiee tf F Sh8 4 meee pip ees btn) remot ryt : } 
Shes tee eu Let sto 2 vert we 7) By Puget Mela led SA spans Doe teats edd ei Be ; ' : Le ' 
Pickard’ ein PY a Bee edeketok o wad Foratik pra babe 1 Ped Bl ogi ZEN TFET ag fi} 4 ! an fe ‘ 
ae) 2 he ts fax Bee hey Ri irate a4 Sb dal Fire Tritt sf fi bop fete “4 f . a ak adel ’ { 
rei Fas Hd Ria with We sft aS as aae a2 yy f. ia Adee Q Om rags eee PRL f ¢ ‘ af CY 
. 2 iin at Ath Rais veasht abet = ts yf 4 (yer toe € “be if 5 . =¢ { sna ef f 
i veces Pot H at pe eae Sie “ i d is Sad Ue f gat ses “4 “4 et’ 9 2 Om alee 
- * Me PY SEs He re 4, ah Ags > eA Cry! Usd $ g = f , 
a geet! ty net A es erat eel at f bps My ‘ a # reat ay EU te i , Ug As : 
$ ee ay ’ ite y ! : ; mn 6 ,f°4ee F Be F . 
aa aihth Ni siege! ‘ Pits get Gert, © : ee ip : 5 ws. Age 4) og cA as 
Sita) uae Hepat fats beh a Tara ‘ > CT ere 1 4 
Whi a oe ie Ve AM Hee RE Penaeus ranged) PSY, i » RYH OS A bea e od g ati 7 $ 
, a ashe ays ~/1 Bree (sears? ny Hd ead gh ek! ore ee {2 ¢ Rif felt Y 
she den BUA Sag f yrs altefen re wee ony Ate me ce li +s ‘ tae} LT ye ' tae Mag UI aoe ‘ 4 
Pe nde n 8 Dab ee Betas ee ahaid'c Laie wi i) wie shee h i FG, e? eS pad Pr a 
aaa ot oh abd id ees Te RRR DY Mi aot ifs Paine Us iti rie wy eee aes 4 of 
aa: ANT) Fhe Lees, AM id eof od Pek ¥. pent by ‘ : 4 = emes a 44 1a F a 
Tirealieryry 4 trea Ree e. ws tS sae} ie vi ihe ; ye ' safe USOT Shy ri ee ate: fet “ ik ae OY ee . 
Ee Riess hen eta a; feet 4 aba thege: gt + : Ata dack The od.e- ' Peat bats a\ UG? ahead t itads od 
oP td aah ipcr'd ae $4 $5? baat eet fitiilae bt a re "ggfiste : ee aw deny atity ‘ Ap Mele 
: . ’ y ST ee t st 7 35 , t nas 2 
6 rah, epee oh’ Pad y dente Riadid tee TAT Te Be a! Le Tee A eh ah, fogs § ss aft rs 
fod nee bee Pasi¢ew wiehile Rakin Hyg 9 ¢ o0 109 te Cth, cn Patio a 
% i ft os a Po Be.p>; ett or f ¢; tse ¢ pers ' Grins AP s Pa ba ui A of © h.by 4 gS ee 
Py iF ee ih : a a@ 1W afk por ie'b a Pv Af} y , ae ' “ 
Ay : s > iseig Fdiet 4.4 2.29% $ ; Cad ff em vk 
i ga Banas Ae fe ; $b ae We: P 4 . 8.5 ; on of tek 06 onaf iy 9 . 
rie farts i } wee Ag # ek Bi sie ts Olas 2 4. 1 e a * * ty # s 
AY yr 2 BLE Py : f rol s . ; .¥ t ¢ ta 
ENA tae i ae Aste aa Bem: " ion 8 Te teh ey 
a Piet te ne ot f Hannes et ' { 
Fv AY } Ih hos f od tae aN ayere A MTR he 7S, pyres * ~ *, Ph { an ; 
te CAN Ree | «le Gein” weeping! q fog : Rite roe aa a ee “ 
ti hee tie Ji a Se eupoed sje *t YA: cK "Ofe f  ie 1 H it , Jeet Hy Lala Detain it: 
204 ot a ° a t 1 
fre FB 4 Baers (ite nee ae ey ee Mae _ Be ha , 4 
(bees 2 Prisha | Lig Pa f TAL) eur of 4 feo * Say” 
Abpea airy Cab CAR ay a Ss da Bae A ig yt eld a reo 
aed TF Ade f? 4b sas eh Re sepa ese Ff ¢ .0ee vide estes fe f © 1.2 e% eed rs 
3 AR Oni’ Ab a go FP LN of hg gd 5 tee A ge ple mals a oe CN 
etyar THe Augen es | Pip siansrl £480 HY Ne lgseSuten: =" woofs tee 's.0,) 4) Ca" 
Reo BAW si pots aap oth Rng ef) Mattie 47 A NMOS SAT it Cae TN “ted 
a ose Ua wn oe Pell ERA ALS tec reiiesie  tf Ged ae 
4 on ‘ spina i 5b, ph pe utabt ao tae tal Po het Tea s © phe td t ‘ : 
hae Hi bag eo Ne ra aid ae a i Ripa? pk oO few ' iN ry. ; 
nie “ag. ; A (a Gonna yey ESSE LS : Af. ime rit f nti = Pig 6 ae tj ts ? A Alar ’ 
Whe bt Aare ms fe pki Ay rberd a AP } H Pit 
east LUAU Tate Sey 
Par re « ua i hes . 5Ole 
: Ce Be a Riek ge etic etek yy tte 
» Oat eta ites ie cn SNEP b- aa sing Bet Fieve ‘ri dewey Eek s 
Video i pk yt Pee ar Ot) i, oleae? ’ ewe i 
soiree): fOr vere shes reared wi U5 Deter OME Ieee a, 
seins es stds SUH Tgy ek Bea 
e Cena, etiteg pitt iW ggee Par le rate} + tea 
E Byiaa Lies yt be a ie eve Cit ba atieag ACs Ae" WF ca ‘ tt ry fit ish ° 38 4° Ly 
. fy hen / ’ arg Ms hy At ay ee f : z C24 fei a tet * BY .- he vs oI 
eon pl thete! Bee eat ye Vita Ma hhcecys Pa BARTS IS) eh he Ut ea ne 
s > Wes i te pe Be 4 J t aay ie We ST Ke tf $ 
flat ped y4 18 Yi iat) St is irra! Eh pasha 4 bata . ie *} 
DR te Re S gid ay ‘, aie ae oH, ee ie SARS: e Ae 
iF Ivy Hine i ae os a ah ; pie see ry silt ERAGE Ete 
¥ ane . ; : ino oe rete a, #. a : UAMd oh abd liar. pis’ eS a i 
aint eee Ne os KORY “Wher ive Fidary Bist ges Toe © 
f ‘v 5314; Pie rs 1 Tet ie! tie wuss * t 
ate pat dmaatos ie te “die fected Rte eae Sait he poe a gy Emme ba ted 
Bose J i ate 3 ith eat j a ite: 4 fe* ree OR UI fig j%e ie 0 t ‘ wr Ut Ser é al) a7) . an 
4 by : f EEE EW faty real AY poveg eae gbte le oa, 
3 ts pee iieiets | Aa tiie Hoa shew ade att y ? aie ry ip te bbe igi 3, 4. = Lo gy pees \y 
“iy a eg! rt Mf ae? atpee Sate SCTE SP Fier POR ea em PL ‘ 
a pie Se hae LF a Ro rena +; ite a ates r wore votadathetar Fut its 4 Tl . 
tht t ves Wet 3 ates a> arhio ee Cia ae core rahe aie ge fie ty es ‘ t 
rt aa ii ’ et MP Ags? rd sy ait 44 bu é fats it BS 8 ie at : Hy { . 1 ~ 
he {x5 Y 43 NEGA LES, S! i. * i Ly <a ae ; 0 to 1 e. 
aida < Tie i, ‘} aie ae $e caf Uiitks RED mos Ute ~ c f {, nS . «kK t ce ‘ g 
* aor % Me 8, fa.8 of Se ot 
x ea eisai oy Bee ee Bai aD WER RS Sd |, <a 
A. Ke © he ; * } ees re 
RPi *. eh sf wi bebeghs y*e% iw 4 a ‘ ; ar . 
3 Ter ht anes a4 a 4a i an : t¢ “ 
5 PG i iily + He tive uty NI OIAL an? N i eit) i bis a . ef a1 06 / Ld +; F ' 
‘ ee: Reeraes® +. ACES; 4 ty, yt 7? 174 x rye £14 it ere i, rf! ; a 3s am, >. 
meee af ar od Fo 4° 9 eased rm oA ng CoM Fe Me bby vi PHA eet Setyset - 4 Se 
Sree ARSZ Anse Tian Fat s titintst oo Se iy i ie p Chale? , 
3 te ag i . ejey tee Parsee ne ett {> t) 2 * Sree Me yt3e Fee tA. ae t.9 7 rae ote ould ¢ * ¢) bs : t: 
Catt $: 5 Bons etaye ~ Jey te Tule < Kp ay SR Jt: y} #4 an iver ve by: Dante a : a Wse4," 
tts ) ee Ai a ees fest 5 POT a i oe $3 ‘ Ve Viti edicts a fants o 7 5 ean wt F e5 : 
ae ee Be ker teh r 4 ah gehber Sr atdia§ oats fb ctpfet, eeu! ' nes : 
oN uy Paxavety 3 By! ir Rati Poa g: te > it ete : :" eu a, ; Y ¢‘s 3 o ‘ 1 
a : ay % i ” ¥ yee yeep 8 9 he eae aps 8 ® tan ) 
‘hs ? 7) sat } Xe sh be Spas donese t,8ety ahd 4 , An y iat is s ' 
' vias CMip taf zoe bath” Lede Pats pou” ont ase 8 Pept rary ‘ ts 
Py ab 4) 3 aN? my} yO Lathe etal) Age? Sass Ap if a ag 
44 ft * Aa U Ht; bev te Prat p* ts re sl + "{ ru Al 3: a ne 
Previad, Tielesst Cay ER ee ETE eT 8g Mit Te ' 
Pe GUMeR HARE Oye at ae _ 24 : 
. — gyie wy SSS “8 : Seas baer 14 oT er 
: fe +2 : ; $e ae oe He ry séaae nye © A 4 4 J 
ava Us ae ; “i 4; ij RAR Ttat WEN. fae tah, Fees a om , ‘s 
ve ¥ “ quite paasé weal ht of f C, oye aor J . 4 , or 
bate aay je ae ii | ? josie 1,3: i i HH :> “a PEAT oe r : 
1%, “eure afc Sy i FER fe) {%, ‘ poi See 6 ra : a i P J ‘ r 7 
as arrest a 4 4 Viags ee me ae oh : “eS Pe se 
x pe taap ite ah “Sorts mishber (ish: mu 
4 it bys 4 
Petia: ) ak 
sp x“ j aa; Ct ing ach j ' 
eas apo 1): 7 =p a eG 
“aly Sct late | *yak ° PN resets ¢ ' P Sol "as a 
a i > ‘ real -, y j elie’ 20,90 of ators " fet) aut ms 
Sa # ye 1’ "ie | “hi yy, ash F ‘ 2s,! Paty Xi yy6 eo A 1 % © ‘ bof ty i 
y AY Ry I as REA ere Jeti hha se Tt i 4 ey t if, " : : 
7x, MG 3 Y, te Ee 0d | pe Re tety ratines bf ; fee ne a me 
7 rae a. 1 | tt tet 3 o.4 a ate rg nN , 4) 
a oes ra hedges Q ut nat eights OP re ines f 4 ‘ 
ah hae 1 ea oie A ae ote! vet F q i ; AS 2 wa; 
er ea aN i 4 Seek NEC fue a) Fe bi RY ess 
le? : i v4 Mv trertes shang 2 eat eh lat ' es ; 2 
Sy wt i th habs raya, Fc SET STN, i 1 Noe abs : 4 a : ‘y a : 
BURN AiaAh aan eR UIOHERN tC | atewtige oa bein rate ous é 
, =tl VEST MPR BAST Ss sae! SYS. a kee f tui / MS ea te WE a! 1 < a eee ‘Ys ’ Pa 
: bal aim Teal et Hen BM he aay Be hohe Hie ie PAS eR ERE GUILD RMS STAT | TEE aye Ss : 
re ‘ty te roe, ben’, fA is, iin s Fe PUR i he ye >”, 3 i H ger ere erect ay iz ie Ps 4 : ‘ 
ete ‘ 4 ase apeimeal A tEreror ere: Ye ¢ 2M OV ae Lee ala , As tp fest 8 | OUR) : 
ad y : Ushers é "y Lie = ay : 7 i ahi Bays OS heh i¥ Re Fr AS HG fees i a) ‘ or, Th i. ws es $ f “See “5 pe roe a) 
bre ‘ al nl ad He ath seiner FY boa 4.838 ah yn aT ne oH t} ie" ¥ Aa an phys aX a 4' oY Se 
it 4 ; tee i £any i] f rae’ hs ti‘t etrte? "8 P vv 
i sa its4 a 1 ba A sa ahah abel Hie LIAS a ee ) Vee “a, ea eet ery be. 39 7 
‘ a La. f om . ‘ t Ube ka | ue ( : a4 
3 CYS (ara NBARe ah td sete Ot ig: is Ge Seat Wittteel oh aber tet Pop ge ‘ 
oe HN ahh mse ydaa bi lle deme agus sae ae DAN ea Mw gt a 
1 elt af $ t fe sel Wile dae 4 {hh FAD ¥ eae arts sgh Gee et is Ps 4 i * rs le 
re tbat ree ie m4 eS gs Ue a ue te iy AAS ae. aa atte ‘ Ayes es, Jt ‘1 19 Ade thee My a Coat’ uel hy 
+ KR Seas Nie e . MEN ‘3 ay f bis mi) “ii sy ut see y tie Sarre opeeiiials S38 eet w mat Peas : 
Wye TY, ey 2 ia gr us Pi ie i TRE D af tH giysee® att 496.8 ¢ ; fj te og 
ascyee rn Hy Garin} e is ary igs “th Writt “ ely ‘as Palys Wed we ar FETS ee a, e 4 4 3s, 1% b 3 ¥: te 
ith Do A) ee ir! See Paige ae ah: telrecsdirengt Quliaey sein et Oba 8 J -, do line: 
Hts ot Sf ho vy ike et 2 air a a | iat ghgres . pat gle 33 2% ae 5 
Hii ahem 4 i igpererhyyd Hee mae ‘ ein Riri x TALUS sh ity eves mi ee oes “4% %," 4 = ‘ ‘ “¢ + 1¢ 
Wye oe 7 At A F, J}, Pit a! 4 Oye ‘4 tay , a gt! r| f 
see ee Ne Jele ie ee re ne = ih ir Nk 1K 148 aie a ar iii Gi et ah a $59 v 7 Pe grabet tek (x {| AF ia) Ae : .? 
4 ver 0 : ” ‘ A | ie tee ¥ d * an® 
a ny oe ius eee: Wi ArT Ass Meet of crea ule MV OR SRRHNALOE i BA ean! dees 
ve te ede TF ast et can “het: is ‘ ED 1 (4,3 Aga hd rk ° yA ee pb in wad Ff { (abe. ay ‘ep 
, ete Ses 2 raat ite} % 3 cf ace al ‘st OAs Fi ty ants ahs ah ae ‘ % 8! TUE ay ba : 
Y 2 yi ae r Pek A) Yo! baer ' ; . Pa ' e - 
ee ays sew pre bares tt AN atertsy fe 3 thee Bean vy , Bet hive Tsar Matas AA Soe TL fe i St , 
Ons a DEAT Se MN Se rR ae gee Ts, 
ae mor yi a LOCH TL SAE Hs ia} er a Ti oat H Gok Be ttt, ctbom che) th, | ‘awe oe : 
. ana Wis Pre oe as ie" AY A a ith hart eh Vint aint vie Ale’ MAH ee St NES ate bi i ; ; \ 
Sha Taree bes Salt Cre ye {s ge Hh ie WalFeSe verathes RUT I AC ae ts ; 
Ae Se ‘ Fin 4 ¥) 7 autle Ae f ae, I Thy sie) te vit ei Hy ee Arete Sls } re. ( ™ Deiat x ASIST it ty" Ay THEUy t . MV ies ‘t tw j o P 
yt eh ay he OUR Scary te AE AN ia NTA Aye ta 2 ar Oe) ae i 
Pty) rele. PRR le ct ety ah we ee, “es iS ith CAnGAS rh a 24 ce mt go! alt, tn, bey ; “ft $"j } ia Ve Ps 
4 ae; sh an Oe ae aT me Se ire Be Ae Ae ack Le es of’ Ret i a ‘ P ' 
re 6.b:4 eee? au £54} Le Pry Patek J yA . UL 5 Th ' 
wre Ji) yieve ine te Pare a es fe 0 ay A ras Leia ene ot ty nl jlo LI Le ¥ a ‘ iy fe sich ae i is * Py 14 4! ene +3 r"] : , 2 
ie Ls se Ve” J \s vs a fel ee ‘? or tite XM AS POH pee be HURT ey =e ite Vi 38) b Saf Ark (UTD, Fe r 4 : qc. Siar os cane 
ST ee Wee eran a ee ey 4 
id the I Q ae eg a tee, pay! v aY Tew ae | te. 3% aT AR th 3 ha tn kee ° : te 
of hy i  ¢% iY," vty yf LL a i ter i Vy ae BE 1, ¥, Se eye abies 2 o * , . or 1 
SSO ee , 
bs A Ry &Y ees ape hs {af Mae jie? V8 h wre, ¥y teers Wa Nteee ot ‘%. jie # pend. gt $ 
cently Vinee ans VOty, PUM MES SS eth oad ele OS Seitiem, ee tye hoes head piety blll tg { oe : 
OG sr va SA Us kee fei a Bh Mak ALY ol Borg oa Fe She 96 SS ee sp Rae eed Be - ;, Q ‘ : é : 
a hye Age whee ‘ AWA pyb Ba; ~ve BR a A % 2 A LARS i CPEB PF ro Veer er ey) 4 yrs hire 6 , Yi y i'w oe ode Fs 4 3 & § 
veoysicew ar by . sh A ne toi | There eat gona bed ey Y wese eran ew res bere ee HEN wou! 4 , 
44! IOS] Pele fp v wa et) wie wrk 1 A Ste, se i tM oe ON Pe ‘Cae t PT ° 7 . 4 oF 
ener n se ares verve S erbiy tea yee wy fe ca APN M ete Retr ers We nd 3 » wre Fe ba key Hib be fe thar 1 8 , > 
ah + a ADEA a S43 ‘e A391 heey Tiple cer DF wh i Lea FAR J agi Pee gh ALO. Vereen 6 A? ’ 
Tl He. ‘a ALTA hy Pa ors Tw acere WIN ikl c cane A ei? i y ital. posney Plait ~* P ry i : 
ary caes aT geht eo rgteevatre i FO wy yrs eoten Yiry * vu is Hf Sys ’ 
wid tethers oan Aa DHS a tance OCG dung et ies ae PAE HSL tae hatte Phra Te ee wie a ; 
rw ee mi rputh Hs Ag ASE 1 abe tey by Seyi teal han he Ane ro seb voy Lt ; + 4 J ' 
ny Seine Gin iets 1 le +8 ah te i rae ery wl ire ion Punstret ye 4 Tit " ; > : ‘ 
pebble i RA at ea yf Ad Sista eimeys sit Wile eourehserrulrty. c Cottey prem tn ve tt At le , — ; 
we 19 bets oP Lew seta tn as é (late Uy ps % ine ‘be ‘ ? F ; eet 
e.e. o be Shade a we Ori & BS Ne 12.3 ~ ! = Ha ¥: eA ® 1s ' lL! . 
| . Pas} ' Py 


























